/" Preliminary Examination
Department of Mathematics
Rensselaer Polytechnic Institute
January 12, 2002
Notes:
e No books, notes or calculators are allowed.

e Please do any 10 problems. All problems are weighted equally and on a multi-part qﬁesﬁion; all parts
are weighted equally.

e On the front page of the answer book(s), identify the 10 problems you wish graded. Only the 10
problems that you indicate will be considered.

e You have 4 hours to complete the exam.

Show all work. Justify your answers.

In some cases, answers to an earlier part of a problem may provide helpful hints on how to soive later
parts of a problem.



Preliminary Examination

Problems
1. (a) Find the derivatives of f and g where f (z) = z* and g(z) = =°".

(b) There is a differentiable function y = f (x) that satisfies the equation z¥ + y? cos(wz) = 0. Find
the value of % at the point (z,y) = (1,1).

2. (a) Find the Taylor series of f(z) = T—_:—x—z about g = 0.
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(b) Find the Taylor series of g(z) = / dt about zo = 0 and determine its interval of
0 A

convergence.
(c) Find the value of io: (="
=0 (@2n+ 1)(V/3)2n+1

3. For each of the functions below, do the following,

(a) Determine whether the function is differentiable at 0.
(b) Determine whether the derivative of the function (if it exists) is continuous at 0.
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4. (a) Suppose f is a function defined on [a, b]. State sufficient conditions on f so that there exists a
¢ € (a, b) so that f(b) — f(a) = f'(c)(b— ). Explain what this result means about the graph of

the function f.
(b) Show that |sin(z) —sin(y)| < |z - y| for all z and y.
5. A silo is made in the form of a circular cylinder of radius r and height h with a conical cap of height

H. If the radius and volume V of the silo are fixed, how should h and H be chosen so as to minimize
the surface area? (Hint: the volume and surface area of the cone are 7r2H/3 and mrvr? + H 2,

respectively.)

6. Let
I= / (e2y cos 3z + ayz) dz + (—3 + 22y + Be? sin 3.’B) dy
T

where T is a piecewise smooth curve from (0, 1) to (m/2,0), and o and 3 are constants.

(a) Find « and 3 such that [ is independent of the choice of I'.
(b) Evaluate I for the choice of a and f in (a).



7. Suppose f(z, ¥, z) and g(z, y, z) have continuous partial derivatives of at least second order.

(a) Find the divergence of gV f — fVg.

(b) Show that , ,
//an (ga—i - fa—fgl) dd = ///Q (9v2f - £V%) aV

where 82 is a smooth surface which is the boundary of a domain Q and % and % are derivatives
of f and g, respectively, in the direction of the outward normal vector on 0€2.
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It may be helpful to interchange the order of integration or switch to polar coordinates.

8. Evaluate

9. Let A be a n by n matrix with non-negative entries such that the entries of each row sum to one.

(a) Give a 5 by 5 example of such a matrix A that has at least 2 non-zeroes in each row.

1
1 .
(b) Verify directly that | 1| is an eigenvector of the matrix that you gave in part (a).
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(c) What is the eigenvalue of the eigenvector in (b)?
10. Let
: 1 -1 0°
B=|0 1 -1
-1 0 1

(a) Find a basis for the null space of B. .

(b) Show that the rank of B is 2 and find a basis for the range of B. _

(c) Let ¢ = a1b1 + a2bp where by and b; are the vectors in the basis you found in part (b) and a1
and ag are given scalars. Find all solutions to Bx = c.

11. Let P be a n by n matrix with non-negative entries.

(a) Show that P - P is a n by n matrix with non-negative entries.
(b) Give two different examples of n by n matrices with orthonormal columns and non-negative

entries.

12. Let ,
K= [

1-p g
, 0<pg<l
p 1_q} g
(a) Show that [Z:] is an eigenvector of K for any real value r and show that the associated

eigenvalue is one.
(b) Show that the choice r =1 /(p+ q) gives a unique eigenvector whose entries sum to one.



